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Ultracold molecular collisions in combined electric and magnetic fields

Goulven Quéméner*
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We consider collisions of electric and magnetic polar molecules, taking the OH radical as an example, subject
to combined electric and magnetic static fields. We show that the relative orientation of the fields has an important
effect on the collision processes for different fields’ magnitudes at different collision energies. This is due to
the way the molecules polarize in the combined electric and magnetic fields and hence the way the electric
dipole-dipole interaction rises. If OH molecules are confined in magnetic quadrupole traps and if an electric field
is applied, molecular collisions will strongly depend on the position as well as the velocity of the molecules.
Consequences on the molecular dynamics are discussed.
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I. INTRODUCTION

Cold molecules, with translational temperatures at or below
100 mK, are strongly subject to control over their behavior and
may afford unprecedented opportunities for probing chemistry
as a function of initial conditions to reaction [1]. Thus, for
example, μK samples of KRb molecules have been formed
[2] and their reactions probed for different temperatures
[3], electric fields [4], and dimensional confinements [5,6].
These molecules have appreciable electric dipole moments, so
manipulation of their collisions arises from their comparatively
strong dipolar interactions.

More broadly, open-shell radicals can also be produced at
low temperatures, albeit in samples not quite as cold. Examples
include 2� molecules such as SrF [7] or 2� molecules such
as OH [8]. In addition to being of arguably greater chemical
interest, these species present the possibility of simultaneous
control by acting on their magnetic, as well as electric, dipole
moments. The simultaneous action of electric and magnetic
fields has been considered previously in the context of buffer-
gas-cooled species, considering collisions such as He + CaD
and He + ND [9–11] or He + YbF [12]. For certain radicals,
such as OH, O2, and NH, molecule-molecule collisions have
been considered in the presence of either electric [13] or
magnetic [14–19] fields but not both simultaneously.

Here we consider the effect of both electric and magnetic
fields on collisions of the OH radical, at collision energies
ranging from 1 μK to 50 mK. In its ground electronic
state, this molecule possesses a magnetic dipole moment
of | �μ| = 2μB (μB is the Bohr magneton) and an electric
dipole moment of | �d| = 1.67 D (D is the Debye unit).
Thus, at the temperatures considered, long-range electric
dipole forces generate interaction energies that can exceed
translational temperatures when the molecules are hundreds
of Bohr radii apart. This circumstance implies that electric
and magnetic fields act on the molecules primarily on this
distance scale and that theoretical models focusing on this
long-range physics are adequate to see the effect of the fields.
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From this standpoint, it has already been noted that electric
fields tend to increase the rate of state-changing collisions of
OH molecules [13], while magnetic fields tend to decrease
these rates [14]. If both types of field are present, they are
therefore in competition, promising additional opportunities
for manipulation of collisions. In particular, the angle between
the fields, at the site of a collision, can be decisive in
determining the collision’s outcome.

The emphasis on long-range physics is assisted by the
special characteristics of 2� molecules such as OH. For �

molecules, the electric dipole moment is induced by the mixing
of the ground and the excited rotational states by an electric
field. The rotational constant is on the order of mK so the
ground and higher excited rotational levels cannot be treated
independently, while for OH molecules the large rotation
splitting implies small mixing of higher-lying rotational states
at modest electric fields. A signature of this feature is the
protection of certain low-field-seeking states of cold OH
molecules in a magnetic field, leading to high elastic collisions
compared to inelastic collisions, stemming from a strong re-
pulsive van der Waals coefficient [8]. Because of this repulsion,
the OH molecules in those states are expected to be shielded
from chemical reactions at sufficiently low temperature.

In this paper, we investigate the scattering of polar
molecules when arbitrarily combined electric and magnetic
fields are applied (parallel as well as nonparallel fields), taking
the OH molecule as an example. This study is the starting
point to more complicated dynamics of polar molecules in a
quadrupole magnetic trap in the presence of an electric field
as performed in ongoing experiments [20], where collisions
of molecules will occur at different electric and magnetic
field configurations for different positions in the trap. These
collisions are also important to determine new efficient
evaporative cooling schemes, for example, using appropriate
electric and magnetic field trap combinations, to further cool
down molecular dipolar gases. If quantum degenerate gases are
finally produced, the combined electric and magnetic fields can
be used as additional tools to control and probe the many-body
physics of electric and magnetic dipolar systems [21–23].

The paper is organized as follows. In Sec. II, we describe
the time-independent quantum formalism used to perform the
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scattering calculations, presented in Sec. III. We summarize in
Sec. IV.

II. SCATTERING IN COMBINED ELECTRIC
AND MAGNETIC FIELDS

We present here the time-independent quantum formalism
used in this work for the scattering of two OH molecules in
arbitrary combined electric fields.

A. Molecular energies and functions

The OH molecule in its ground rovibronic state 2�3/2,v =
0,j = 3/2 is well described by a Hund case (a) scheme.
Here j is the quantum number associated with its rotational
angular momentum �j , mj is its projection onto the laboratory
space-fixed axis with unit vector Ẑ, and ωj is its projection
onto the molecular body-fixed axis with unit vector ẑ. In its
ground state, ωj = ±3/2 is the sum of λ = ±1 and σ = ±1/2,
the values of the projection of the electronic orbital �l and spin �s
angular momentum onto the body-fixed axis. A good basis set
for Hund’s case (a) molecule is therefore |j,mj ,ωj 〉|λ,σ 〉 [24].
The molecule exhibits a small � doublet of � ≈ 80 mK
between two states e and f of different parity within its
ground rovibronic state 2�3/2,v = 0,j = 3/2. The electric
field mixes these two states to induce the electric dipole
moment in the laboratory frame. The next rotational level
2�3/2,v = 0,j = 5/2 is �100 K higher than the j = 3/2 state,
so the OH ground rotational state is well separated from all
its higher excited states and will be ignored in the rest of
the study considering the low-collision-energy range of the
molecules.

In Hund’s case (a), the magnetic dipole moment is given
to a good approximation by �μ = −μB (gsσ + glλ)ẑ, where
μB is the Bohr magneton, gs is the electron’s g factor
(gs ∼ 2.002 ≈ 2) and gl = 1, so that �μ ≈ ±2μBẑ. The electric
dipole moment is given by �d = dẑ, with d = 1.67 D. As
a consequence, in a Hund case (a) scheme, both electric
and magnetic dipole moments lie along the molecular axis,
as depicted schematically in Fig. 1 (if the dipoles point
in the same direction). This implies that we do not take
into account couplings between the states |ωj | = 3/2 and
1/2. This is not important in this study since the first

FIG. 1. (Color online) Schematic electric and magnetic dipole
moments for an OH molecule in a Hund case (a) scheme, in the
presence of an arbitrary electric and magnetic field configuration
�E, �B,θEB .

|ωj | = 1/2 state lies well above the ground state by more than
100 K [24].

When a magnetic field is applied, the interaction of
the molecule with the field is given by the Zeeman
Hamiltonian HZ = −�μ · �B. In the Hund case (a) basis set
|j,mj ,ωj 〉 (we ignore the spectator ket |λ,σ 〉 in the following
unless stated otherwise and we take ωj = ω′

j ), it takes
the form

〈j,mj ,ωj |HZ|j ′,m′
j ,ωj 〉

= −μB(−1)mj −ωj

√
2j + 1

√
2j ′ + 1

×
(

j 1 j ′

−ωj 0 ωj

) (
j 1 j ′

−mj 0 m′
j

)
, (1)

with μ = −μB (gsσ + glλ). Here we choose �B to point along
the space-fixed frame axis Ẑ (as shown in Fig. 1). Based on
the symmetry of the three-j symbols, we must have j ′ − j =
�j = 0,±1 and m′

j = mj .
When an electric field is applied, the interaction of the

molecule with the field is given by the Stark Hamiltonian
HS = −�d · �E and in the Hund case (a) basis set, it takes the
form

〈j,mj ,ωj |HS|j ′,m′
j ,ωj 〉

= −dE

√
4π

3
Y1,m′

j −mj
(θEB,φEB)(−1)mj −ωj

√
2j + 1

×
√

2j ′ + 1

(
j 1 j ′

−ωj 0 ωj

) (
j 1 j ′

−mj mj − m′
j m′

j

)

(2)

if we allow �E to point in an arbitrary direction (θEB,φEB)
from the Ẑ axis (as shown in Fig. 1). In the following we will
set φEB = 0. From the three-j symbols, we must have again
j ′ − j = �j = 0,±1, but now, if there is a nonzero angle
θEB between the �E field and the �B field, we have in general
m′

j − mj = 0,±1. Thus the quantum numbers mj referring

to a particular axis (the �B or the �E axis) are no longer good.
Good quantum numbers can be found along two particular
axes as shown in Ref. [25], but we do not do so here. Note that
if θEB = π/2, m′

j = mj ± 1 and if θEB = 0, we recover the
case m′

j = mj .
In the absence of rotation, molecules with the quantum

numbers λ = ±1 have the same energy causing a �-doubling
degeneracy for λ � 1. An additional term H� stemming
from the coupling of the rotation and the electronic angular
momentum of the molecule splits this � doubling into two
distinct states e and f of different parity [24]. A good basis
set is then the parity basis set

|j,mj ,|ωj |,ε〉||λ|,|σ |〉
= 1√

2
{|j,mj ,ωj 〉|λ,σ 〉 + ε|j,mj , − ωj 〉|−λ,−σ 〉}, (3)

with ε = ±1 corresponding, respectively to the e or f states
parities [26]. For OH, the f -e splitting is about � ≈ 80 mK
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and is diagonal in the parity basis,

〈j,mj ,|ωj |,ε|H�|j ′,m′
j ,|ωj |,ε′〉 = (−ε)�/2 δj,j ′δmj ,m

′
j
δε,ε′ .

(4)

The Zeeman expression (1) in this new basis set is given by

〈j,mj ,|ωj |,ε|HZ|j ′,m′
j ,|ωj |,ε′〉

= −μB δε,ε′(−1)mj −|ωj |√2j + 1
√

2j ′ + 1

×
(

j 1 j ′

−|ωj | 0 |ωj |
) (

j 1 j ′

−mj 0 m′
j

)
, (5)

with μ = −μB (gs |σ | + gl|λ|) ≈ −2μB . The magnetic field
mixes states of the same parity ε = ε′ only. The Stark
expression (2) is given by

〈j,mj ,|ωj |,ε|HS|j ′,m′
j ,|ωj |,ε′〉

= −dE(1 − δε,ε′)

√
4π

3
Y1,m′

j −mj
(θEB,φEB)(−1)mj −ωj

×
√

2j + 1
√

2j ′ + 1

(
j 1 j ′

−|ωj | 0 |ωj |

)

×
(

j 1 j ′

−mj mj − m′
j m′

j

)
. (6)

The electric field mixes states of the different parity ε 
= ε′
only. The selection rules �j = 0,±1 and �mj = 0,±1 still
hold. In the following, we take j = j ′ = 3/2.

The diagonalization of the molecular Hamiltonian H� +
HZ + HS in the parity basis set given by expressions (4)–(6)
leads to the eight eigenenergies denoted εi , with i = 1, . . . ,8
from lowest to highest energy, and eigenfunctions denoted |i〉
of the OH molecule in a combined electric and magnetic field
with a relative orientation θEB . These energies are shown in
Fig. 2 for a fixed magnetic field of B = 500 G as a function of
the electric field E for the three angles θEB = 0 (black curves,
parallel fields), θEB = π/4 [green (light gray) curves, neither
parallel nor perpendicular], and θEB = π/2 [red (dark gray)
curves, perpendicular fields].

For the highest excited adiabatic state |8〉 represented by
the highest-energy curve, it is easier to induce an electric
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FIG. 2. (Color online) Eigenenergies of the ground-state OH
molecule in combined electric and magnetic fields as a function of
the electric field for θEB = 0 (black curve), θEB = π/4 [green (light
gray) curve], and θEB = π/2 [red (dark gray) curve]. The magnetic
field is B = 500 G.

dipole moment when the electric field is more parallel to
the magnetic field axis, while it is harder when the fields
are more perpendicular. This can be seen from the derivative
of the energy curves with respect to the electric field that
is proportional to the induced electric dipole moment. The
derivative for the θEB = π/2 red (dark gray) curve is smaller
than that for the θEB = 0 black curve, with the one for the
θEB = π/4 green (light gray) curve sitting in between. In
terms of the results of Ref. [25], the induced electric dipole
moment d̃ for the upper adiabatic state |8〉 can be approximated
by

d̃ ≈ |ωjmj |
j (j + 1)

(
1 + μB

dE
cos(θEB)

)
d. (7)

Then, if θEB goes from 0 to π/2, d̃ decreases in magnitude for
fixed B and E fields, as seen in Fig. 2.

B. Molecular scattering

In what follows we will be concerned with molecules
colliding in their stretched states |8〉, which are magnetically
trapped. In collisions, these molecules will exert torques
on one another that can disturb their orientation, produc-
ing molecules in states |i < 8〉 and in general leading to
trap loss and heating. As these appear to be the domi-
nant loss collisions [8], we focus on them and ignore the
possibility of chemical reactions. Our scattering theory is
therefore similar to the long-range-dominated theories in
Refs. [15,27].

We consider two OH molecules of mass m1,m2 and position
�r1,�r2, respectively. We decouple the motion of the two-body
system into a motion of a center of mass, of total mass
mtot = m1 + m2 and position �R = (m1�r1 + m2�r2)/(m1 + m2),
and a motion of a relative particle, of reduced mass mred =
(m1m2)/(m1 + m2) and position �r = �r2 − �r1. The total Hamil-
tonian of the relative motion is H = T + V , with T being the
relative kinetic energy operator of the relative motion and
V the potential energy. The long-range electric dipole-dipole
interaction is given by

V =
�d1 · �d2 − 3( �d1 · r̂)( �d2 · r̂)

4πε0r3
. (8)

We do not consider the magnetic dipole-dipole interaction
since it is of the order of α2 ≈ 10−4 smaller than the electric
dipole-dipole interaction. Because the molecules are identical
(same isotope and same mass), we construct an overall wave
function � of the system for which the molecular permutation
operator P gives P� = εP �, with εP = +1 for bosonic
molecules and εP = −1 for fermionic molecules. In this study,
we consider 16OH bosonic molecules so that εP = +1. This is
due to a total spin �f = �j + �i with integer quantum numbers
f = 1,2, where �i is the nuclear spin of the molecule (i = 1/2)
and �j the total angular momentum (j = 3/2) of the molecule
considered. We assume that the nuclear spin i and the angular
momentum j are decoupled. This is a good approximation for
strong magnetic fields μB � �hf or high collision energies
Ec � �hf , where �hf ≈ 4 mK is the hyperfine energy splitting
between the f = 1 and 2 manifolds. For the state we consider,
this assumption is valid for most of the results presented
here especially when B � 100 G. Note that the hyperfine
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structure was previously considered in OH cold collisions that
focused on smaller collision energies and smaller magnetic
fields [13,14].

We construct symmetrized states of the internal wave
function of the combined molecular states |i1〉|i2〉 of two OH
molecules with energies εi1 + εi2 (i1,i2 = 1, . . . ,8),

|i1,i2,η〉 = 1√
2(1 + δi1,i2 )

[|i1,i2〉 + η|i2i1〉] (9)

for which P |i1,i2,η〉 = η|i1,i2,η〉. Here η is a good quantum
number and is conserved during the collision. If the molecules
are in the same molecular internal state, only the symmetry
η = +1 has to be considered. If they are in different internal
state, both symmetries η = ±1 have to be considered. As we
consider both initial OH molecules in their highest eigenstate
|8〉 in the combined electric and magnetic field, the molecules
are indistinguishable and η = +1. The total wave function
�(�r) with �r = {r,θ,ϕ} is expanded onto a basis set of spherical
harmonics Yl,ml

(θ,ϕ) corresponding to the orbital angular
momentum of the colliding particles

�k(r,θ,ϕ) =
Ntot∑
k′′=1

1

r
Fk′′k(r)Yl′′,m′′

l
(θ,ϕ)|i ′′1 i ′′2 ,η′′〉

=
Ntot∑
k′′=1

1

r
Fk′′k(r)|i ′′1 i ′′2 ,l′′,m′′

l ,η
′′〉, (10)

where k = i1,i2,l,ml,η and Ntot is the total number of diabatic
channels we use in our calculation.

Symmetry considerations can restrict the number of chan-
nels required. Because η = +1, and to satisfy P� = εP � with

εP = +1, l must take even values. In this study we consider
only the partial waves l = 0,2,4,6,8, finding these sufficient
to converge the results at the collision energies investigated
here. The total number of channels is typically Ntot = 1620.
Moreover, when the fields are parallel, the total quantum
number M = mj1 + mj2 + ml is conserved and Ntot = 118
for the M = +3 components for the initial states mj1 = 3/2,
mj2 = 3/2, ml = 0 for example. The total energy E is equal
to the sum εi1 + εi2 + Ec, where Ec is the initial collision
energy. The total energy E is conserved during the collision.
We choose the zero of energy to be equal to ε8 + ε8, the
energy of our initial molecular states. The time-independent
Schrödinger equation H� = E� provides a diabatic set of
close-coupling differential equations for the radial functions
Fk′k(r) from a state k to a state k′,{

− h̄2

2mred

d2

dr2
+ h̄2l(l + 1)

2mredr2
− E

}
Fk′k(r)

+
Ntot∑
k′′=1

Uk′k′′(r) Fk′′k(r) = 0, (11)

where

Uk′k′′(r) = 〈i ′1,i ′2,l′,m′
l ,η

′|Vdd|i ′′1 ,i ′′2 ,l′′,m′′
l ,η

′′〉. (12)

Using Eq. (9) and the fact that the individual molecular
eigenstates |i1〉 and |i2〉 in Eq. (3) are linear combinations of the
basis sets |j1,mj1 ,|ωj1 |,ε〉 and |j2,mj2 ,|ωj2 |,ε〉 after diagonal-
ization, we can obtain the coupling matrix elements Uk′k′′(r)
knowing that the dipole-dipole interaction in the Hund case
(a) molecule-molecule basis set |j1,mj1 ,ωj1 ,j2,mj2 ,ωj2 ,l,ml〉
is expressed by

〈j1,mj1 ,ωj1 ,j2,mj2 ,ωj2 ,l,ml|Vdd|j ′
1,m

′
j1
,ωj1 ,j

′
2,m

′
j2
,ωj2 ,l

′,m′
l〉

= −
√

30d1d2

4πε0r3
(−1)mj1 −ωj1 (−1)mj2 −ωj2 (−1)ml

√
2j1 + 1

√
2j2 + 1

√
2l + 1

√
2j ′

1 + 1
√

2j ′
2 + 1

√
2l′ + 1

×
2∑

p=−2

1∑
p1=−1

1∑
p2=−1

(
1 1 2

p1 p2 −p

) (
l 2 l′

0 0 0

) (
l 2 l′

−ml ml − m′
l m′

l

) (
j1 1 j ′

1

−ωj1 0 ωj1

)

×
(

j1 1 j ′
1

−mj1 mj1 − m′
j1

m′
j1

) (
j2 1 j ′

2

−ωj2 0 ωj2

) (
j2 1 j ′

2

−mj2 mj2 − m′
j2

m′
j2

)
. (13)

The multichannel interaction is illustrated in Fig. 3 by
showing the lowest adiabatic energies of the symmetrized
combined molecular state |8,8,η = +1〉 as a function of r at
a magnetic field of B = 500 G, for the electric fields E =
0,2,3 kV/cm and different orientations θEB = 0,π/4,π/2.
These curves are obtained by diagonalizing the matrix U(r)
for each r . The thin solid black line shows the result for
zero electric field E = 0 kV/cm illustrating its repulsive
C6/r6 behavior [8]. When the electric field is turned on,
second-order perturbations induce an attractive C4/r4 [13,28]
coming from a mixing of the l = 0 and 2 partial waves
of the dipole-dipole interaction. This interaction becomes

increasingly attractive as the electric field grows and also when
the magnetic field is more parallel to the electric field. This
fact follows qualitatively from the induced electric dipoles of
these state, as discussed for Fig. 2: For perpendicular fields, the
electric dipole moment is harder to induce, hence the weaker
attractive C4/r4 interaction, while for parallel fields the reverse
is true.

The set of coupled equations (11) is solved for each r

using a diabatic method, using the standard method of the
propagation of the log-derivative matrix [29]. Matching the
log-derivative matrix with asymptotic solutions at large r

yields finally the scattering matrix S and the elastic and total
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FIG. 3. (Color online) Adiabatic energies correlating to the |8〉 +
|8〉 combined molecular state as a function of the intermolecular
separation r for θEB = 0 (black curve), θEB = π/4 [green (light gray)
curve], and θEB = π/2 [red (dark gray) curve] and different electric
fields (thin solid: E = 0 kV/cm, thin solid curve; E = 2kV/cm,
dashed curve; and E = 3 kV/cm, thick solid curve). The magnetic
field is B = 500 G.

inelastic cross sections and rate coefficients, which are shown
in the next section. Note that ab initio calculations are not
precise enough at such cold temperatures (T � 1 K) to rule
out the presence of a potential energy barrier in the entrance
channel that could prevent the chemical reaction OH + OH
→ O + H2O from occurring [30]. While we do not consider
the possibility of chemical reactions in the present study, they
could be considered in future works by using, for example, an
absorbing condition at short range [28].

III. APPLICATION TO COLD AND ULTRACOLD
OH + OH MOLECULAR SCATTERING

To better orient the discussion of scattering, consider the
scales of electric and magnetic fields as seen by the OH
molecule. For a prototypical cold collision energy E = 1 mK,
this energy is the same as the Stark energy | �d · �E| for a dipole
moment | �d| = 1.67 D and an electric field E = 0.0247 kV/cm
and it is the same as the Zeeman energy | �μ · �B| for a dipole
moment | �μ| = 2μB in a magnetic field B = 7.4 G. As a rule
of thumb, one might therefore expect the magnetic field to
have a dominant effect when B/E � 300 G/(kV/cm) and the
electric field to have a dominant effect when the reverse is true.

The prospect of manipulating collisions via both electric
and magnetic fields, possibly pointing in different directions,
to say nothing of different collision energies, opens a large
parameter space to consider. In this section we will explore
different slices through this parameter space by varying
separately the electric field magnitude, the magnetic field
magnitude, and the relative orientation of the fields.

A. Scattering versus electric field

The general effect of increasing the electric field on
scattering of OH is to increase the inelastic scattering rate. This
effect arises because electric dipoles are induced, which exert
the long-range torques on one another that drive state-changing
collisions [13]. This effect is seen in Fig. 4, which shows
the electric field dependence of the elastic and inelastic rate
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FIG. 4. (Color online) Rate coefficients as a function of electric
field for θEB = 0 (black curve), θEB = π/4 [green (light gray) curve],
and θEB = π/2 [red (dark gray) curve]. The collision energy is Ec =
1μ K (top panel), Ec = 1 mK (middle panel), and Ec = 50 mK
(bottom panel). The magnetic field is fixed to B = 500 G. Elastic
process are plotted as dashed lines and inelastic processes are plotted
as solid lines.

coefficients for θEB = 0 (black curves), θEB = π/4 [green
(light gray) curves], and θEB = π/2 [red (dark gray) curves]
at different magnitude of collision energy for a fixed magnetic
field B = 500 G. The three panels denote three different col-
lision energies. At an ultralow collision energy of Ec = 1μ K,
the rate coefficients show the presence of resonances, signaling
the occurrence of long-range “field-linked” resonance states
predicted in Ref. [13]. They correspond to the coincidence of
virtual states with the collision energy as the electric field is
turned on and as the adiabatic energy curves become more
attractive (shown in Fig. 3).

The electric field values at which these resonances appear
clearly depend on the angle θEB between the fields. As noted
above, for more parallel fields it is easier to induce the electric
dipole moments of the molecules and to obtain strong attractive

012706-5
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interaction curves, hence resonances appear at lower electric
fields. Conversely, for more perpendicular fields the same
resonances appear at higher electric fields since it is harder
to induce the electric dipole moments and to obtain attractive
interaction curves. Because of these resonances, the inelastic
processes can be decreased by three orders of magnitude
(see, for instance, at E = 1 kV/cm) between the parallel and
perpendicular cases. The overall trend is a rise of the rates with
the electric fields due to the increased dipolar coupling with
other inelastic states as the electric field is turned on.

At a somewhat higher collision energy of Ec = 1 mK, the
resonances are smoothed out since the width of scattering
resonances usually increases as the collision energy increases
[31]. The rise of the rates with the electric field is still visible.
According to our rule of thumb, the electric field should exceed
∼1.7 kV/cm to exert a stronger influence on the molecules
than a 500-G magnetic field. Indeed, the middle and bottom
panels of Fig. 4 show suppressed inelastic rates below this field
and enhanced rates above it. Details of the fields still matter,
however. At a still larger collision energy, 50 mK, inelastic
rates continue to be suppressed at high electric field, when the
fields are not perpendicular.

B. Scattering versus magnetic field

As opposed to electric fields, magnetic fields tend to
decrease the rate of inelastic scattering. This decrease is tied
to the general separation of molecular states in a field, which
reduces the Franck-Condon factors between initial and final
states [14]. This effect, including its modifications due to the
electric field, is shown in Fig. 5. This figure presents the
magnetic field dependence of the elastic and inelastic rate
coefficients for θEB = 0 (black curves), θEB = π/4 [green
(light gray) curves], and θEB = π/2 [red (dark gray) curves]
for a fixed collision energy of Ec = 1 mK. In this figure
each panel shows the result at a different electric field. The
E = 0 kV/cm case is represented by a thin black line and of
course does not depend on θEB .

The elastic rates are independent of the magnetic field,
while the inelastic rates decrease with the magnetic field, in
agreement with previous results of Ref. [14]. Considering
the overall trends, our rule of thumb would suggest that
the magnetic field suppression would become important at
magnetic fields of 300, 900, and 1500 G for the three panels,
respectively, and this is approximately what is seen. For
E = 1 kV/cm, the trends of the rates are comparable and
do not differ so much from the zero-field case. The electric
field generates the largest deviation from the field-free case
when the fields are parallel.

Once the electric field is larger, the angle between fields
plays a more significant role. For E = 3 kV/cm, the rates of
the θEB = 0 and π/4 cases have globally increased with the
electric field and show a moderate magnetic field dependence,
while the rates of θEB = π/2 have increased but still show
a magnetic field dependence similar to lower electric fields.
This is because the electric field is not strong enough for the
perpendicular case to polarize the electric dipole moment and
inelastic rates are still suppressed. Finally, for E = 5 kV/cm,
the θEB = 0 and π/4 cases show a weak magnetic dependence,
while θEB = π/2 still shows a certain dependence. For this
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FIG. 5. (Color online) Rate coefficients as a function of magnetic
field for θEB = 0 (black curve), θEB = π/4 [green (light gray)
curve], and θEB = π/2 [red (dark gray) curve]. The electric field
is E = 1 kV/cm (top panel), E = 3 kV/cm (middle panel), and
E = 5 kV/cm (bottom panel). The collision energy is fixed to
Ec = 1 mK. The thin solid black line corresponds to E = 0 kV/cm.
Elastic process are plotted as dashed lines and inelastic processes are
plotted as solid lines.

case, one can see that for strong magnetic fields, one needs
strong electric fields to get a strong electric dipole-dipole
interaction to increase the inelastic rates.

C. Scattering versus the relative field orientations

Figure 6 presents the rate coefficient for different electric
fields at a fixed magnetic field B = 1500 G and collision
energy Ec = 1 mK, as a function of the fields angle θEB .
For an electric field of E = 1 kV/cm, elastic and inelastic
collisions depend weakly on the angle the electric field
makes with respect to the magnetic field. The electric field
is not strong enough to play a significant role since B/E �
300 G/(kV/cm), even though we see that the fields angle can
have some effect on the inelastic rates, within a factor of 2–3.
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FIG. 6. (Color online) Rate coefficients as a function of the fields
orientation for E = 1 kV/cm (black curve), E = 3 kV/cm [blue
(dark gray) curve], and E = 5 kV/cm [pink (light gray) curve]. The
magnetic field is B = 1500 G and the collision energy is Ec = 1 mK.
Elastic process are plotted as dashed lines and inelastic processes are
plotted as solid lines.

For an increased electric field of E = 3 kV/cm, the overall
rates have increased from the low-electric-field case, but they
decrease from θEB = 0 to π/2, showing a strong anisotropy.
Recall that in parallel fields, the magnetic field helps to polarize
the molecules, thus increasing the inelastic rates. Molecular
collisions strongly depend on the relative angle of the fields.
For the same magnetic field, they can differ by one order of
magnitude for the inelastic processes for example. Finally, at
E = 5 kV/cm, where electric fields have an effect comparable
to magnetic fields [B/E = 300 G/(kV/cm)], the inelastic
rates are large and the angle dependence starts to weaken
compared to the previous case of E = 3 kV/cm. In this case
the electric field is strong enough to polarize the molecules
along itself, so the strength and direction of the magnetic field
start to become irrelevant.

D. Links with experiments

In experiments, polar molecules of OH are trapped in a
magnetic quadrupole trap with spatially varying magnetic
fields [8] and can be simultaneously subject to a uniform
electric field [20]. At each location of the molecules in
the trap, therefore, the molecules experience crossed fields
of arbitrary magnitude and relative orientation, hence the
different outcomes of two-body collisions as previously seen
in this study. The fact that collision processes strongly depend
on the position in the trap can be used to create nonuniform
configurations of electric fields in magnetic traps so that
high value of θEB regions will favor elastic collisions, while
low-value regions will favor inelastic ones. With proper field
configurations, this could be used as a knife for evaporative
cooling in such traps in order to remove the particles with
the higher energy and keep the particles with the lower
energy.

In such traps, it is somewhat more complicated to give
an overall rate coefficient for a given temperature and for
a given electric field since the molecular rate coefficients
depend on the position of the trap as well as the collision
energy. Experimental data of inelastic loss are now available
for collision of OH molecules in a quadrupole trap and

uniform electric fields [20]. To confront these data with
theoretical predictions, one needs to consider the position-
and velocity-dependent rate coefficients along with the proper
phase-space distributions of molecular positions and velocities
to describe molecular losses as a function of time. The option
to consider or not the possibility of chemical reactions for
OH + OH collisions will also play a role in the overall
magnitude of the loss rates (inelastic plus reactive processes).
This has to be kept in mind when comparing with experimental
results.

In addition, one also needs to consider the time dynamics of
the molecules inside the trap between collisions since elastic
rates are higher than the inelastic ones and thus rethermal-
ization plays an important role and since elastic scattering
redistributes the velocity directions and magnitudes of the
molecules according to the differential cross sections after
a collision. Such calculations are more complex and usually
require Monte Carlo simulations using classical trajectories
[32,33]. This is beyond the scope of this paper.

IV. CONCLUSION

We have studied the collisions of electric and magnetic polar
molecules in arbitrary configurations of electric and magnetic
fields, taking the OH molecules as an example. The electric
dipolar interaction depends on the way the electric dipole
moments are induced. For the state considered in this study,
it is easier to induce the electric dipoles when the electric and
magnetic fields are parallel and this increases the strength of
the molecule-molecule electric dipolar interaction. When the
fields become perpendicular, it is harder to induce the electric
dipoles along the electric field axis since the magnetic field
tends also to align the molecular axis with it. This moderates
the strength of the electric dipolar interaction. This is seen in
the dynamics of OH + OH collisions where we found a strong
dependence of the rate coefficients of elastic and inelastic
processes on the electric and magnetic field configurations. For
example, more parallel fields increase the inelastic processes,
while more perpendicular fields moderate them. If the polar
molecules are confined in a magnetic quadrupole trap in the
presence of an electric field, the molecular collisions will
be space and velocity dependent. Therefore, the molecular
dynamics in such traps is complex. Elastic and inelastic
collisions have to be taken into account as well as the
motion of the particles between collisions in order to describe
molecular loss and thermalization. This will be left for future
investigations.
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