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Merging dipolar supersolids in a double-well potential
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We theoretically investigate the merging behavior of two identical supersolids through dipolar Bose-Einstein
condensates confined within a double-well potential. By adiabatically tuning the barrier height and the spacing
between the two wells for specific trap aspect ratios, the two supersolids move toward each other and lead to the
emergence of a variety of ground-state phases, including a supersolid state, a macrodroplet state, a ring state,
and a labyrinth state. We construct a phase diagram that characterizes various states seen during the merging
transition. Further, we calculate the force required to pull the two portions of the gas apart, finding that the
merged supersolids act like a deformable plastic material. Our work paves the way for future studies of layer
structure in dipolar supersolids and the interaction between them in experiments.
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I. INTRODUCTION

The formation of exotic quantum phases of matter un-
veils rich and fascinating phenomena [1–5]. In particular,
the emergence of supersolidity has garnered significant atten-
tion [6–11]. Supersolids exhibit both spatial periodicity and
frictionless flow, which are usually incompatible in classical
systems. Initially, supersolidity was proposed to arise in solid
4He, however, despite some controversial claims, no conclu-
sive evidence of supersolidity has been found in helium so far
[12,13]. Recently, lattice supersolidity has also been reported
in the second layer of superfluid 3He and 4He confined on
graphite [14–16].

Alternatively, ultracold atomic gases have become a plat-
form for realizing and studying supersolids [17–20]. In
particular, dipolar Bose-Einstein condensates (BECs), com-
posed of atoms with large magnetic or electric dipole
moments, offer a unique opportunity to engineer the inter-
atomic interactions which are crucial for supersolid formation.
Dipolar interactions are long-ranged and anisotropic, factors
which can induce density modulations and roton excitations
in the BECs. Moreover, dipolar interactions can be tuned by
applying external fields or by changing the geometry of the
system [3,21–25].

Dipolar BECs have been achieved in highly magnetic
atoms, such as chromium [26], europium [27], dysprosium
[28], and erbium [29]. Recent experiments have observed
the appearance of a supersolid phase in elongated one-
dimensional (1D) [30–33] and two-dimensional (2D) [34,35]
geometries with weakly magnetic dipole-dipole interactions
(DDIs) in these dipolar BECs.

Additionally, ultracold bosons confined in a bilayer have
drawn much attention because it is possible to control the
inter- and intralayer couplings [36]. For example, a BEC
loaded into spin-dependent optical lattices, forming a moiré
structure, is the ideal scenario to investigate the physics
behind superconductivity in twisted-bilayer graphene [37].
Besides, dipolar gases in a layer structure have been achieved

with the help of an optical lattice potential [38–41], and
stack supersolid structures have been discussed theoretically
recently for an antidipolar single-component condensate [42],
mixture of antidipolar and nondipolar condensates [43], and
a doubly dipolar condensate with both electric and magnetic
dipole moments [44] confined in a standard harmonic trap.

Double-well potentials serve as a versatile platform in the
study of microscopic media, especially for atomic BECs,
such as the quantum dynamics of ultracold atoms [45–48],
self-trapping [49–51], stabilization of purely dipolar BEC and
formation of quasi 2D sheets [52], and spin-squeezing [53].
A typical double-well potential has been produced in experi-
ments by adiabatic radio frequency–induced splitting [54–57]
to study the dynamics of a splitting or merging process of
BECs.

In this work, we combine concepts from dipolar BEC and
double-well potentials. We propose applying a double-well
potential in the polarization direction of the atoms, then sys-
tematically bringing the two wells together while reducing
the barrier to merge two supersolids. Along the way, many
intermediate morphologies are seen.

The paper is organized as follows. In Sec. II, we outline
the beyond-mean-field theory and the numerical strategy and
introduce our system. Section III investigates the merging
process in two cases, distinguished by the supersolids in the
separated-well limit. Subsection III A considers supersolids
in a trap with aspect ratio ωz = 2ω prior to merging, while
Subsection III C considers a slightly different case, with initial
aspect ratio ωz = 3ω. In both cases, the various morphologies
are presented and summarized in phase diagrams in Subsec-
tions III B and III C, respectively. A summary along with the
future perspectives are given in Sec. IV.

II. THEORY MODEL

A. Formalism

Here, we consider a dipolar BEC composed of N atoms
of mass m, confined in an external potential to be defined
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below. The ground-state wave function ψ (r) satisfies the ex-
tended Gross-Pitaevskii equation (eGPE), which includes the
effects of beyond-mean-field quantum fluctuations [58–61].
The energy functional (energy per atom) of the eGPE can be
expressed as

E (ψ ) =
∫

dr
[ h̄2

2m
|∇ψ (r)|2 + V (r)|ψ (r)|2 + gN

2
|ψ (r)|4

+ N

2
|ψ (r)|2

∫
dr′Udd (r − r′)|ψ (r′)|2

+ 2N3/2

5
γQF|ψ (r)|5

]
, (1)

where h̄ is the reduced Planck constant, and the wave function
is normalized as

∫ |ψ (r)|2dr = 1. The short-range two-body
interaction coupling constant g = 4π h̄2as/m is governed by
the s-wave scattering length as, and Udd (R) accounts for the
anisotropic and long-range DDIs given by

Udd (R) = 3h̄2add

m

1 − 3cos2θ

|r − r′|3 , (2)

with the dipole length add = μ0μ
2
mm/12π h̄2. μ0 is the vac-

uum permeability and μm is magnetic moment, R ≡ r − r′,
and we take ẑ as the polarization axis, then θ denotes the
angle between R and ẑ. The coefficient γQF represents the
dipolar Lee-Huang-Yang correction within the local density
approximation [3,62–66], induced by quantum fluctuation,

γQF = 32

3
g

√
a3

s

π

(
1 + 3

2
ε2

dd

)
, (3)

the dimensionless parameter εdd = add/as.
To study the merging process, we apply a double-well

potential of the form

V (r) = 1
2 mω2(x2 + y2) + a

(
z2 − z2

0

)2
, (4)

with z0 > 0. ω is the harmonic trap frequency along the radial
x and y directions. The parameters a and z0 control the central
barrier height as well as the relative distance between the two
wells [67–69]. When the two wells are separated, the double-
well trap potential near its local minima z = ±z0 can be
expanded with a harmonic frequency ωz, and one can obtain
a harmonic form Vho(z)

.= 1
2 mω2

z (z ± z0)2, with mω2
z = 8az2

0,
where ωz corresponds to the trap frequency along the axial z
direction. We can rewrite the double-well potential with the
help of ωz,

V (r) = 1

2
mω2(x2 + y2) + mω2

z

8z2
0

(z2 − z2
0 )2, (5)

where the barrier height is Vh = mω2
z z2

0/8. Thus, the two wells
each have the specified frequency ωz when they are far from
each other, i.e., z0 � aHO, where harmonic-oscillator length
aHO = √

h̄/mω. In this way one can specify the premerged
condensates by the separated-trap aspect ratio λ = ωz/ω.

B. Numerical strategy

Ground-state wave functions can be obtained by
numerically minimizing the energy functional Eq. (1).
We employ an optimization algorithm based on the

FIG. 1. 2D slices of the density profiles for the dipolar BEC with
atom numbers of N = 105 (a1 and a2) and N = 2 × 105 (b1 and b2)
162Dy confined in the harmonic trap with ωz = 2ω.

limited-memory Broyden-Fletcher-Goldfarb-Shanno
(L-BFGS) method [70,71], which has been implemented
in PYTORCH [72]. Compared to other first-order gradient
descent algorithms, L-BFGS shows more stable and faster
convergence, specifically, its superior performance in terms
of computational time can be enhanced when running on a
graphics processing unit (GPU).

The condensate wave function is discretized with an
equally spaced three-dimensional (3D) grid on a cubical box
centered on the origin. Because the dipolar interaction inte-
gral diverges in configuration space, the integration has been
calculated in momentum space using an analytical form of
the interaction, with a spherical cutoff [73]. We employed a
cubic grid of 256 × 256 × 256 grid points with dimensions
56 × 56 × 56 aHO, which ensures a large enough grid to allow
the various terms in the energy functional to be computed with
spectral accuracy.

In this work, we consider 162Dy in a trap with radial trap
frequency ω = 2π × 125 Hz, as = 85a0, and add = 131a0,
where a0 is the Bohr radius. The energy units of h̄ω will be
used to scale the length and energy.

III. NUMERICAL RESULTS

A. Characterization of merging process

Our goal in this work is to monitor the behavior of two
supersolids as they merge together. To this end, we begin with
the situation at the beginning and end of this process. In this
section we consider, in the separated limit, two “standard” su-
persolids such as the one shown in Figs. 1(a1) and 1(a2). This
supersolid consists of N = 105 atoms in a single harmonic
trap with frequencies ω = 2π × 125 Hz and ωz = 2ω, defined
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FIG. 2. 2D slices of the density profiles of the dipolar BEC of
N = 2 × 105 162Dy atoms confined in the double-well trap with
ωz = 2ω. The upper panels show the cut of the x-y plane at the
local minima of z with (a1) z0 = 10 aHO, (b1) z0 = 11 aHO, and (c1)
z0 = 12 aHO. The lower panels illustrate the corresponding cut along
the x-z plane at y = 0.

by the trap potential

V (r) = 1
2 mω2(x2 + y2 + 4z2). (6)

In these circumstances, dysprosium is well known to display
a sixfold symmetric supersolid phase [34,35,74–77].

A single such supersolid in this trap is depicted in Fig. 1.
Figure 1(a1) shows a cut through the density at z = 0 of
the 3D density |ψ (x, y, 0)|2, and from the side at y = 0 in
Fig. 1(a2). The energy per atom is E = 22 h̄ω and the chemi-
cal potential is μs = 31 h̄ω. In one limit of the simulation, we
envision two such supersolids, centered at the vertical coordi-
nates ±z0, far enough away that they only weakly perturb one
another.

In the merged limit where z0 = 0, a different BEC con-
figuration would be realized, as shown in Figs. 1(b1) and
1(b2). In this case the confining potential is a single harmonic
trap as described by Eq. (6), with familiar characteristics
ω = 2π × 125 Hz, ωz = 2ω, whereas the merged BEC now
contains N = 2 × 105 atoms, and is therefore in a different
part of the supersolid phase space. In this case it is more
like a labyrinth; as demonstrated in Ref. [78], higher atom
numbers at the same scattering length can break up the super-
solid droplets into labyrinth phase. Figures 1(b1) and 1(b2)
therefore represent the anticipated result of fully merging the
two supersolids into a single layer.

The initial stages of the merger, for relatively large z0,
are shown in Fig. 2. In these panels the values of z0 are,
from left to right, z0 = 10, 11, 12 aHO. Shown are side-view
cuts through y = 0 (lower panels) and top-view cuts through

FIG. 3. 2D slices of the density profiles of the dipolar BEC of
N = 2 × 105 162Dy atoms confined in the double-well trap with
ωz = 2ω. The upper panels show the cut of the x-y plane at the
local minima of z with (a1) z0 = 5 aHO, (b1) z0 = 7 aHO, and (c1)
z0 = 9 aHO. The lower panels illustrate the corresponding cut along
the x-z plane at y = 0.

z = z0 (upper panels). The double-well potential is given by
Eqs. (4) and (5).

At the largest separation z0 = 12 aHO [e.g., Figs. 2(c1) and
2(c2)], the gas is still fundamentally separated into two super-
solids. Their long-range attraction to each other is evident in
the way the central density maximum in each is drawn toward
the center at z = 0. Between z0 = 11 aHO [e.g., Figs. 2(b1)
and 2(b2)] and z0 = 10 aHO [e.g., Figs. 2(a1) and 2(a2)] this
attraction becomes overwhelming, and the BEC easily tunnels
through the barrier; this is the occasion of merging. Once this
pathway is open between the upper and lower components,
atomic density floods into this central tendril, reducing the
density in the six local density maxima on the periphery.

The process of merging continues in Fig. 3, which shows
similar density plots for (from left to right) z0 = 5, 7, 9 aHO.
By z0 = 9 aHO, the original six density minima around the
periphery of the supersolid have all but vanished, leaving
an elongated cloud that thins in the middle as if it were
a stretched piece of taffy. Upon further merging to smaller
z0, tunneling becomes easier, the gas conforms to a more
cylindrical shape, and ultimately forms a cylindrical shell, a
shape familiar from previous work [75]. At even smaller z0

the labyrinth states begin to appear, two examples of which
are illustrated in Figs. 4(b1) and 4(b2) and Figs. 4(c1) and
4(c2). Finally, the emergence of a pancake-shaped BEC state
[e.g., Figs. 4(a1) and 4(a2)] has been observed when z0 close
to 0.

Note that in Fig. 2, the upper and lower supersolids are
displayed radially so that the features above are aligned with
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FIG. 4. 2D slices of the density profiles of the dipolar BEC of
N = 2 × 105 162Dy atoms confined in the double-well trap with
ωz = 2ω. The upper panels show the cut of the x-y plane at the
local minima of z with (a1) z0 = 0.5 aHO, (b1) z0 = 2.2 aHO, and
(c1) z0 = 3 aHO. The lower panels illustrate the corresponding cut
along the x-z plane at y = 0.

the features below. This is done to simplify the figure; in
fact, the DDI is sufficiently weak in this limit that no such
alignment necessarily occurs. We verified this by artificially
rotating the upper supersolid relative to the lower one, finding
the energy variation to be only on the order of 10−5 h̄ω.

B. Phase diagram

Thus, various morphologies appear during the merging
process, as summarized by the colored regions in Fig. 5(a).
To assist in the description of what happens as the gas evolves
between these morphologies, we also plot the energy per atom
E (black), the chemical potential μ (blue), and the height of
the barrier separating the upper and lower wells (red).

Perhaps the most important part of this diagram is around
z0 = 11 aHO, where the transition occurs between separated
supersolids (pink region) and those that have merged (tan
region), as shown in Figs. 2(a1) and 2(a2) and Figs. 2(b1)
and 2(b2). For the separated supersolids, both the energy and
chemical potential diminish very slightly as the two clouds
are brought together, presumably due to the long-range dipole
attraction between them.

Once they merge, however, the energy and chemical poten-
tial drop much more rapidly as z0 decreases, and the barrier
height (red line) drops below twice the chemical potential of
a single, isolated supersolid. Here, a long, thin, continuous
strip of dipoles aligned along the strip’s axis defines a tendril
that connects the lower and upper branches of the condensate.
Viewing the gradient of energy with respect to z0 as a force,
Fig. 5(b) plots the force required to pull the two condensates
apart. This force decreases as the distance increases and the
tendril becomes thinner, behavior reminiscent of stretching
a plasticine material such as taffy. At the phase transition,
the tendril breaks and the force has a different dependence
on density. This dependence is due to the usual long-range
dipolar attraction.

The next milestone occurs as a transition from the merged
supersolids (tan region) to the single elongated object in

FIG. 5. (a) Phase diagram of the dipolar BEC of N = 2 × 105

162Dy atoms confined in the double-well trap with ωz = 2ω, where
the energy per atom (thick black curve) and chemical potential
(thick blue curve) and the barrier height as a function of the local
minima parameter z0 are shown. The black and blue dashed lines
are twice of energy per atom and chemical potential for N = 105

atoms confined in the single harmonic trap with the same trap aspect
ratio. The colored regimes represent different phases: from right
to left, separated supersolid phase (pink), merged supersolid phase
(tan), single elongated droplet phase (sky blue), cylindrical phase (or-
ange), labyrinthine phase (red), and pancake-like BEC phase (green).
(b) The stretch force, explained in the context, as a function of z0

around z0 = 11 aHO.

Figs. 3(b1) and 3(b2) (sky blue region). This is seen to oc-
cur when the barrier height (red line) drops below twice the
energy per atom of a single, isolated supersolid. At this point
it is no longer energetically favorable for the gas to form the
six density maxima at the periphery of the supersolid. The
hexagonal pattern associated with the supersolid is gone.

Next, the BEC passes into the cylindrical morphology of
Figs. 3(a1) and 3(a2) (orange region). At this point the BEC,
being shortened in the vertical direction, experiences increas-
ing dipolar repulsion, thus the total energy and chemical
potential now rise with decreasing z0. This shift in the energy
balance occasions the transformation to the hollow cylinder,
in which the dipoles repel one another, in the same way that
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FIG. 6. 2D slices of the density profiles of the dipolar BEC of N = 2 × 105 162Dy atoms confined in the double-well trap while holding
fixed ωz = 3ω. The upper panels show the cut of the x-y plane at the local minima of z with (a1) z0 = 8 aHO, (b1) z0 = 8.2 aHO, (c1) z0 = 9 aHO,
and (d1) z0 = 10 aHO. The lower panels illustrate the corresponding cut along the x-z plane at y = 0.

the electrons in an electrically charged conductor flow to the
conductor’s surface.

When z0 is further reduced, the symmetry of the hollow
cylinder is broken and the gas enters the labyrinthine phase
(red region), where various near-degenerate states coexist in
this regime as examples shown in Figs. 4(b1), 4(b2), 4(c1),
and 4(c2). Finally, in the z0 → 0 limit, the gas assumes a
simple pancake-like shape as Figs. 4(a1) and 4(a2) (green
region). Note that in this case, the confinement in the vertical
direction is given by a nearly quartic, rather than quadratic,
potential. Because of this difference, the result of merging is
actually distinct from the labyrinth predicted in Figs. 1(b1)
and 1(b2).

C. Increasing the axial trap frequency

Here, we turn to investigate the merging behavior by in-
creasing the vertical confinement frequency to ωz = 3ω with
the same frequency of ω = 2π × 125 Hz for the radial direc-
tions. In this situation, the trap aspect ratio is more oblate than
in the previous section, which allows a more elaborate pattern
to develop even in a single layer. This is shown in Figs. 8(a1)
and 8(a2), which show the density profile of N = 1 × 105, in
this case a 12-droplet hexagonal supersolid state, which has
been predicted in Ref. [75]. By contrast, in the merged limit
where N = 2 × 105 atoms are present, a labyrinthine state is
seen, in Figs. 8(b1) and 8(b2).

Upon merging the supersolids by reducing z0, an even
greater variety of morphologies is seen. Similar to the ωz =
2ω case, the gas is separated into two supersolids at large z0

at first, as shown in Fig. 6. As z0 decreases, the number of
distinct droplets in the pattern drops from 12 at z0 = 10aHO,
[Figs. 6(d1) and 6(d2)] transitions to ten droplets at z0 = 9aHO

[Figs. 6(c1) and 6(c2)], then to seven droplets (with lesser
features on the periphery) at z0 = 8.2aHO [Figs. 6(b1) and
6(b2)]. Finally, by z0 = 8aHO the upper and lower supersolids
have merged [Figs. 6(a1) and 6(a2)], surrounded by seven ad-
ditional features, as compared to the six features surrounding
the central tendril in the ωz = 2ω case.

At intermediate values of z0, the cylindrical form of the
connecting tendril appears, similar to what was observed
in the case with ωz = 2ω above [Fig. 9]. Further reducing
z0 results in a small window of labyrinthine patterns be-
fore entering the cylindrical shell regime, and then the other
labyrinthine regime. Finally, in the merged limit, z0 � 2.5,
concentric rings appear, the outermost distributed in a large
number of droplets [e.g., Figs. 10(b1) and 10(b2)]. A phase
diagram articulating these morphologies is shown in Fig. 7.
The different colors indicate the similar phase state region as
described in Sec. III B.

IV. CONCLUSIONS AND OUTLOOKS

In addition to the vast array of patterns known to occur
for individual dipolar BECs in pancake-shaped traps [78,79],
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FIG. 7. Phase diagram of the dipolar BEC of N = 2 × 105 162Dy
atoms confined in the double-well trap with ωz = 3ω. The chemical
potential (thick blue curve) and the energy per atom (thick black
curve) and the barrier height (red) as a function of the local minima
parameter z0. The blue and black dashed lines are twice of the chem-
ical potential and energy per atom for N = 105 atoms confined in the
harmonic traps. The colored regimes represent different phases: from
right to left, separated supersolid phase (pink), merged supersolid
phase (tan), single elongated droplet phase (sky blue), cylindrical
phase (orange), labyrinthine phase (red), and pancake-like BEC
phase (green). The two white dashed lines divide the 7-, 10-, and
12-droplet regimes from left to right.

we have now demonstrated that an even greater variety exists
when two such BECs are allowed to influence one another.
This influence already occurs at a distance when the clouds
are relatively far apart, but results in a greater variety after
they have merged.

We have further shown that, close to the merging transition,
the BECs are connected by a thin tendril of dipolar material
with an internal cohesion. This tendril behaves much like a
deformable, plasticine material, whose cohesive force dimin-
ishes as the tendril lengthens and thins. The merging transition
is characterized by the abrupt change by a discontinuity in the
derivative of this minute force, as the tendril breaks.

The ground-state phase diagram has been identified, and
typical density profile cutoffs are showcased. Building upon
these results, the quench dynamics and the collective Bo-
goliubov excitation spectrum across the phase transition will
be fascinating for better understanding the merge process.
With the help of a double-well potential, it is also interesting
to exploit the collision process of two supersolids. Besides,
the similar behavior of two-component or antidipolar single-
component supersolids can be a promising research direction
in both theory and experiment.
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APPENDIX A: PLOTS FOR HARMONIC TRAP WITH
ωz = 3ω

FIG. 8. 2D slices of the density profiles of the dipolar BEC of
N = 105 (a1 and a2) and N = 2 × 105 (b1 and b2) 162Dy atoms
confined in the harmonic traps with ωz = 3ω.

APPENDIX B: PLOTS FOR DOUBLE-WELL TRAP WITH
ωz = 3ω

FIG. 9. 2D slices of the density profiles of the dipolar BEC of
N = 2 × 105 162Dy atoms confined in the double-well trap with
ωz = 3ω. The upper panels show the cut of the x-y plane at the
local minima of z with (a1) z0 = 5.0 aHO, (b1) z0 = 5.9 aHO, and
(c1) z0 = 6.6 aHO. The lower panels illustrate the corresponding cut
along the x-z plane at y = 0.
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FIG. 10. 2D slices of the density profiles of the dipolar BEC of N = 2 × 105 162Dy atoms confined in the double-well trap with ωz = 3ω.
The upper panels show the cut of the x-y plane at the local minima of z with (a1) z0 = 1.0 aHO, (b1) z0 = 1.2 aHO, (c1) z0 = 2.4 aHO, (d1)
z0 = 2.8 aHO, and (e1) z0 = 3.0 aHO. The lower panels illustrate the corresponding cut along the x-z plane at y = 0.
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