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Molecular vibration in cold-collision theory
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Cold collisions of ground-state oxygen molecules with helium have been investigated in a wide range of
cold-collision energies 共from 1  K up to 10 K兲 treating the oxygen molecule first as a rigid rotor and then
introducing the vibrational degree of freedom. The comparison between the two models shows that at low
energies the rigid-rotor approximation is very accurate and able to describe all the dynamical features of the
system. The comparison between the two models has also been extended to cases where the interaction
potential He-O2 is made artificially stronger. In this case vibration can perturb rate constants, but fine tuning
the rigid-rotor potential can alleviate the discrepancies between the two models.
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A wide variety of techniques is now available for the production of ultracold molecular gases, and collisions often
play a crucial role in their success. The challenge for theoreticians is then a detailed understanding of the scattering
properties at low temperatures, in order to assess the feasibility of the experiments. In this paper, our aim is to investigate the role of molecular vibration in cold collisions, a
topic that has already been an object of interest, for instance,
in the case of molecules produced by photoassociation 共PA兲
关1– 4兴. This technique exploits one or more PA lasers to catalyze alkali atom pairs into bound molecular states 关5兴, resulting in molecules with nearly the same translational temperature as the original atomic sample (⬃100 nK in the case of
extraction from a Bose-Einstein condensate 关4兴兲. Although
rotationally cold, these molecules are typically formed in
high vibrational states, from which they can relax by collisions with another free atom. The understanding and characterization of this relaxation process is crucial, because a large
amount of energy is released in the process, and this quenching can dramatically affect the efficiency of the cooling 关6兴.
A study in this sense has been conducted for the He-O2 system 关7兴, pointing out the importance of understanding the
role of vibration in ultracold molecular collision.
The buffer-gas cooling 共BGC兲 technique 关8,9兴, in which
molecules are cooled by collisions with a cold buffer gas,
also demands a detailed picture of the collisions. The lowest
temperature reached so far is 0.3 K in a gas of CaH molecules, a result achieved by Weinstein et al. 关10兴 who used
the same technique recently to cool PbO molecules 关11兴. Appealing candidates for BGC would be O2 molecules, already
investigated from the theoretical point of view 关12–14兴, and
NH, for which, in addition, magnetic trapping has been proposed recently by the alternative Stark slowing technique
关15兴.
Lower temperatures can be achieved via evaporative cooling, in which high-energy molecules are selectively removed
from the trap. The success of the cooling requires that elastic
rethermalizing collisions be much more efficient than the
spin-changing process that produces untrapped molecules.
Since several of our previous papers have demonstrated that
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spin orientations can be easily changed in cold molecular
collisions, an important question raised in this work is
whether the vibrational motion can further encourage spins
to flip, even in the ground vibrational state of the colliding
molecule.
Following Refs. 关13,14,16兴, we evaluate here the state-tostate rate constants for collisions of molecular oxygen ( 17O2
isotopomers兲 with 3 He atoms, using a recently published
potential-energy surface 共PES兲 关17兴. We first treat O2 as a
rigid rotor, then we introduce the vibrational degree of freedom in order to assess the influence of the vibrational motion. Results can also be compared with a previous calculation 关13兴 on the same system performed by one of the
authors on a different PES 关18兴 using a rigid-rotor model. We
show how the rigid-rotor approximation holds quite well for
this system, as expected. This is because the atom-molecule
interaction is very weak compared to the O-O interaction,
and the O2 molecule is strongly bound and physically very
similar to a rigid rotor.
Nevertheless, for stronger three-body interactions or for
shallower diatomic potentials, the rigid-rotor model could be
unrealistic in describing the dynamical features of the system. What might happen in such a case is as well a subject of
this paper. To this end, we consider a set of artificial models,
by increasing the atom-diatom interaction strength while preserving the natural O-O interaction. Thus at some point the
He atom in the artificial model will gain sufficient kinetic
energy during the collision to excite vibrations of the O2
molecule. The effect of vibrational degrees of freedom is
primarily to provide additional phase shifts, which may be
‘‘mocked up’’ by suitable adjustment to the short-range potentials. In addition, vibrational resonances are introduced,
but these should be small in number as compared to rotational resonances.
Throughout this paper we report energies in units of
Kelvin by dividing by the Boltzmann constant k B . These
units are related to the more familiar wave numbers via
1 K⫽0.695 cm⫺1 . Lengths are expressed in units of the
Bohr radius a 0 .
We will consider molecules consisting of two 17O atoms,
whose nuclear spin i is equal to 5/2. We assume that total
spin I⫽i1 ⫹i2 is conserved in the collision, implying that the
even molecular rotational states N are separated from the odd

65 064702-1

©2002 The American Physical Society

BRIEF REPORTS

PHYSICAL REVIEW A 65 064702

ones 关19兴. Following Refs. 关13,14,16兴, we limit our discussions to the ‘‘even-N’’ manifold of molecular states. However, we have performed some sample calculation for the
‘‘odd-N’’ manifold, finding results consistent with the conclusions for the case of even N.
Including the S⫽1 electronic spin of O2 , at low energies
the molecules have total spin J⫽N⫹S⫽1. The Hamiltonian
operator ĤO2 for molecular oxygen is given by
ĤO2 ⫽⫺

冋

册

ប2 d2
N 共 N⫹1 兲
⫹V 共 r 兲 ⫹Ĥ f s ,
2⫺
2  O2 dr
r2

共1兲

where  O2 is the O-O reduced mass and V is the atom-atom
potential depending on the stretching coordinate r. We have
taken the fine-structure Hamiltonian Ĥ f s from Ref. 关20兴 disregarding the molecular hyperfine interaction and using the
fine-structure parameters determined in Ref. 关21兴 by microwave spectroscopy. We assume these parameters to be the
same for the ground and excited vibrational states.
The Hamiltonian in Eq. 共1兲 refers to the vibrating diatom
model, and obvious simplifications lead it to the appropriate
expression for the rigid rotor. We note here that the molecular rotational quantum number N is no longer strictly a good
quantum number for the molecular states, because different
values of N are coupled together by the fine-structure Hamiltonian Ĥ f s 关see Eq. 共A5兲 in Ref. 关20兴兴. However, since the
fine-structure coupling is small compared to the rotational
separation, different N’s are mixed only weakly, so we will
continue to use N to label the true channels in what follows.
As in Ref. 关13兴 we will focus our attention on the weakfield-seeking state 兩 NJM J 典 ⫽ 兩 011 典 of the molecule. We are
concerned both with the elastic collisions that preserve this
state, and with ‘‘loss’’ collisions that yield the untrapped
states 兩 010 典 and 兩 01⫺1 典 . The relevance of these collisions
for ultracold molecular studies has already been discussed in
Refs. 关13,14,16兴.
Reference 关13兴 provided the theoretical framework for
atom-diatom scattering, along the lines of the model originally due to Arthurs and Dalgarno 关22,23兴, and properly
modified to incorporate the electronic spin of the oxygen
molecule. Here we briefly recall some features needed to
understand the present calculation, pointing out the differences between the rigid rotor and the vibrating diatom approaches. We compute rate constants in zero magnetic field,
as we are interested primarily in the comparison of the rate
constants between the two models. The study of molecular
collisions in a magnetic field is, however, a central topic for
trapping purposes, which we have discussed elsewhere 关16兴.
After multiplying the wave function by R in order to remove first derivatives, the full Hamiltonian operator describing the He-O2 collision is given by
Ĥ⫽⫺

冋

册

L̂2
ប2 d2
⫺
⫹ĤO2 ⫹V ⬘ 共 R,r,  兲 ,
2  dR 2 R 2

共2兲

where  is the reduced mass for the He-O2 system, R is the
length of the Jacobi vector joining the atom to the molecule

center of mass, L̂2 is the centrifugal angular-momentum operator, and ĤO2 is the molecular oxygen Hamiltonian defined
in Eq. 共1兲. The potential term V ⬘ , depending, in general, on
R, r, and the bending angle  that the molecule’s axis makes
with respect to R, accounts for the He-O2 interaction 关17兴.
The O-O interatomic contribution is already included in the
molecular Hamiltonian ĤO2 . We note here that the PES considered in this work differs from the one by Cybulski et al.
关18兴 used in a previous calculation by one of the authors
关13兴. In particular, the potential well for the three-body interaction is found to be about 30% deeper for the new PES with
respect to the preceding one 共however, the PES 关18兴 was
deepened by 20% in the calculations presented in Ref. 关13兴兲.
The two potential surfaces provide consistent results: the
s-wave scattering lengths are ⬃⫺2.9 a.u. and ⬃⫺1.5 a.u.
using the PES 关17兴 and 关18兴, respectively.
If the rigid-rotor model is adopted, the internuclear distance r is frozen to its equilibrium value r 0 ⫽2.282a 0 and
any dependence of the Hamiltonian on this coordinate is neglected. In this case, the theoretical formulation of the problem reduces to the one in Ref. 关13兴, to which we refer for
details. For the vibrating diatom, the r dependence of the
Hamiltonian is taken into account.
The full multichannel calculation requires casting
V ⬘ (R,r,  ) in an appropriate angular-momentum basis.
Namely, we express the Hamiltonian in a basis of total angular momentum J⫽N⫹S⫹L, in terms of the molecule’s
mechanical rotation N, its electronic spin S, and the partial
wave representing the rotation of the molecule and the He
atom about their center of mass L. Our basis for closecoupling calculations is then
1
兩 O2 共 3 ⌺ ⫺
g 兲 典 兩 He共 S 兲 典 兩 v N 关 JL 兴 JM 典 ,

共3兲

where the electronic spin quantum number S is not explicitly
indicated being always equal to 1 in the calculation presented
here. Vibrational wave functions are computed for a particular value of N then transformed to the J basis. Evaluation of
V ⬘ in the basis 共3兲 has been discussed in Ref. 关13兴. As for the
integration of the matrix elements over the vibrational coordinate r, we have performed numerical Gaussian quadratures.
Once the Hamiltonian is in place, the coupled-channel
equations are solved subject to scattering boundary conditions to yield scattering matrices. Since we assume zero
magnetic field the total angular momentum J is a good quantum number, and moreover the results are independent of the
laboratory projection M of total angular momentum. In the
context of magnetic trapping, the resulting total-J scattering
matrices can be conveniently transformed to a basis labeling
the
magnetic
quantum
numbers,
namely,
具 v NJM J LM L 兩 S 兩 v ⬘ N ⬘ J ⬘ M J⬘ L ⬘ M L⬘ 典 . Note that, in general, all
the quantum numbers v , N, J, M J , L, and M L are subject to
change in a collision. However, at the energies we consider,
only changes in M J are energetically allowed. Cross sections
and state-to-state rate coefficients are then obtained as in Ref.
关13兴.
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FIG. 1. Elastic and inelastic rate constants relative to the entrance channel 兩 NJM J 典 ⫽ 兩 011 典 in the 100  K–10 K collision energy range. For each curve the final state is indicated. Solid and
dashed lines refer to the vibrating diatom and rigid-rotor models,
respectively: on this scale, the two models can barely be distinguished.

FIG. 2. Adiabatic curves for total angular momentum J⫽1
when the He-O2 interaction potential is boosted by a factor 
⫽90.5. For this value of , the three-body well depth is larger than
the vibrational excitation, leading to the possibility of new vibrational resonances. Not all the rotational states included in the calculation are shown here in order to preserve the clarity of the picture.

For 3 He-17O2 collisions, rate constants relative to the entrance channel 兩 NJM J 典 ⫽ 兩 011 典 for the elastic transition and
the inelastic ones 共to the states 兩 01⫺1 典 and 兩 010 典 ) have
been calculated in a wide range of collision energy, from
1  K up to 10 K, using both the rigid-rotor and the vibrating
diatom model. We have found that rotational states up to N
⫽8 and partial waves up to L⫽8 must be retained in the
calculations. Scattering calculations are performed using a
log-derivative propagator method 关24兴 starting from R
⫽4.1 bohrs. We separate the propagation into two parts,
from R⫽4.1 to 24.0 bohrs, with a step size of 0.01 bohr, and
then from R⫽24.0 until the asymptotic limit of R max
⫽450 bohr adopting a larger step size of 0.1 bohr. These
parameters assure rate constants convergent within less than
1%.
We recall the rovibrational structure of the oxygen molecule. The zero-point energy is ⬃1100 K above the bottom
of the potential curve, and the vibrational separation between
the ground and the first excited vibrational level is ⬃2175 K.
The rotational constant for the molecule is about 1.95 K. We
have verified that the inclusion of the first rotational levels
(N⫽0,2,4,6) of v ⫽1 modifies our results only within 0.5%.
Results are shown in Fig. 1 on a bilogarithmic scale. The
two compared models provide nearly perfectly consistent results: the curves are virtually indistinguishable, results of the
rigid rotor differing by at most 10% from the complete calculation that allows the O2 molecule to vibrate. We have
seen how these small discrepancies can be washed out by
adjusting the short-range potential of the rigid-rotor Hamiltonian. This artificial ‘‘fine tuning’’ is already a common
practice in cold-collision theory, as it enables both an accurate fit to experimental data, and predictive power 关25兴. Our
results suggest that the main influence of vibration might be
absorbed into a similar fine tuning, at least until highresolution data are available that demand a more accurate
model.
An exception occurs near a resonance, where the extreme

sensitivity of phase shifts to details of the potential alters the
line shape slightly. However, the overall agreement is quite
good and demonstrates the adequacy of the rigid-rotor model
in this case. The reason for this is obvious: the attractive well
depth of the He-O2 interaction is only ⬃40 K, so that the
incident He atom does not have nearly enough energy to
excite vibration in the molecule, even as a virtual excitation.
We expect this conclusion to hold generally in BGC, owing
to the relatively weak interaction of Helium with anything,
and also for O2 -O2 cold collisions 关14兴 since the intermolecular well depth is only ⬃200 K. In this case in fact, the
atom-atom exchange 共which could be affected by vibration兲
is unlikely to take place, because at low temperatures the two
oxygen molecules do not get close enough in the collision
process.
For many systems this separation of the energy scales
may no longer be the case, and vibrations may play a more
important role. To study this influence, the He-O2 interaction
potential 关 V ⬘ in Eq. 共2兲兴 has been made artificially deeper by
multiplying it by an arbitrary factor , ranging from 1 to
100. For ⫽100, the well depth of the three-body potential
is approximately twice as large as the lowest vibrational excitation energy of O2 . We note here that increasing  has two
effects: first, it makes vibrational resonances energetically
possible, and, second, introduces many more rotational resonances, since rotational energy splitting is much smaller than
the vibrational one. This is made intuitively clear in Fig. 2,
where a set of adiabatic potential curves for J⫽1 are displayed for a large value of the factor .
We will refer in the following to very low collision energy
(1  K) because this allows us to include only total J⫽1 in
our calculations, thus reducing computational effort 关16兴.
Figure 3 plots, both for rigid rotor and vibrating diatom, the
elastic and total inelastic rate constants for the same transitions considered in Fig. 1 as a function of . As the potential
is made deeper 共larger ), new He-O2 bound states appear,
which show up as resonancelike features in the figure. Two
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FIG. 3. Elastic and inelastic rate constants for the entrance channel 兩 011 典 as a function of the scaling factor  for collision energy
E⫽1  K. Solid and dashed lines refer to the vibrating diatom and
rigid-rotor models, respectively.

different  ranges are displayed, corresponding to two different physical situations. In one range (⫽23–25), vibrationally excited molecular states are not energetically accessible, whereas in the range 90–91 vibrational resonances are
accessible. In the first case, the resonance pattern appears
just a little shifted going from one model to the other, while
in the second case, apart from a bigger shift, some different
features are present in the rate constant trends.
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